SPECTRAL ESTIMATES FOR 2D PERIODIC JACOBI OPERATORS 
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Abstract. For 2D periodic Jacobi operators we obtain the estimate of the Lebesgue measure 
of the spectrum and estimates of edges of spectral bands. 

1. Introduction 

We consider a self-adjoint 2D periodic Jacobi operator J : l 2 (Z x Z) — > £ 2 (Z x Z) given by 

(Jf) n = A n f n+1 + B n y n + A* n _J n ^, f = (f n )ef(z 2 ), f n ef(Z), neZ. (1.1) 

Operators A n , B n : £ 2 (Z) — > £ 2 (Z) are ID periodic Jacobi matrices given by 

A n = SA° n + A 1 n + (SA° n y, A{ = diag(<J m62 , j = 0, 1, (1.2) 

B n = SB° n + B 1 n + (SB° n y, B{ = diag(y n J m6Z , j = 0,l, (1.3) 
where S : ^ 2 (Z) — >• £ 2 (Z) is a shift operator ((Sz) m = z m _i). Complex periodic sequences 
a\ IP satisfy 

a n+pi,m+p 2 = a nmi ^n+pi,m+p' 2 = Himi ^nm ^ ^) V(n, 77l) G Z , J = 0, 1, (1-4) 

here pi,£>2 £ N are periods, we suppose that p%,P2 ^ 3. 

For example if A n = I (identical operator), n G Z and S n = S 1 + S^ 1 + B\, n G Z for some 
diagonal then the corresponding operator J7" is a discrete 2Z) Schroedinger operator. 

By Theorem 12.11 the spectrum of operator J is 

<J)= U {U^y)Yi p \ (i-5) 

(x l2 /)e[0,27r]2 

where Ai ^ ... ^ A PlP2 are eigenvalues of p\p 2 x V1V2 matrix J (12. 2p . Now we give estimates of 
A„ and estimates of Lebesgue measure of spectrum cr(J'). 

Theorem 1.1. i) The following estimates are fulfilled 

\-^X n {x,y)^Xt, ne[l,p lP2 ), (x, y) G [0, 27r] 2 , (1.6) 

where A^ are given by A3.16\) and does not depend on (x,y). 
ii) The Lebesgue measure of the spectrum satisfy 

mes(a(J)) ^ min r a0 , (1.7) 

(a,/3)eZ 2 ' M 

where 

Pl PI P2 P2 

r a ,p = 4 ft I + 8 Yl \ a U - 8 l fl ^l + 8 S + 4 S l a aml" (1-8) 

n=l n=l m=l m=l 
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Remark 1. Since J is a 3-diagonal matrix then we can write simple estimate of the 
Lebesgue measure of spectrum 

mes(a(J)) ^ 2\\J\\ s; 2(2 max || A n \\ + max ||S n ||) ^ (1.9) 

n n 

max(8 max \a° nm \ + 4 max |a„ m |) + max(4 max \b° nm \ + 2 max |£^ m |). (1-10) 

n m m n m m 

For many cases estimate fll.7l) - fll.8p is better than fll.lOp because the first depends on fewer 
parameters than the second estimate, in particular fll.7l) - fll.8p does not depend on b 1 . For 
example if some elements of sequence b 1 are large values then fll.7p - fll.8l) is better than fll.lOp . 

The second reason is that we have min in fll.7l) - fll.8p instead of max in fll.lOp . but in the first 
estimate there is a sum, which gives the worst result in some cases than the second estimate. 
2. For the ID scalar Jacobi operator A we have the estimate (see e.g. [DS] . [Kuj . |KKrj ) 

mes(a(^4)) ^ 4|aia 2 ...a p | ? , (1-H) 

where a n are off-diagonal elements and b n are diagonal elements of A. We reach equality for 
the case of discrete Shrodinger operator A with aP n — 1, 6° = 0. The result similar to (11. lip 
was obtained in [PRJ for general non periodic ID scalar case. Recently author obtain in |Kul] 
better estimate (generalized also to the vector case, when finite matrices) 

mes(a(A)) ^ 4min|a n |. (1.12) 

n 

In the present paper we apply similar technique to obtain estimates in 2D case. As in ID 
case we get that the Lebesgue measure of spectrum does not depend on diagonal elements of 
Jacobi matrix, but there is a sum of some off-diagonal elements which was not in ID scalar 
case. Nevertheless, the presence of the sum in (11.81) justified (see examples below for which 
estimates fll.7p - fll.8p are sharp). 

3. Consider the important case A n , n e Z are diagonal operators. In particular if A n , n e Z 
are identical operators and B n are discrete ID Schrodinger operators then J becomes 2D 
discrete Schrodinger operator. 

If A n , n G Z are diagonal operators then all a^ m = and fll.7p - fll.8l) become 

Pl P2 

mes(a(J)) ^ 4 min J] \b° n/3 \ + 4min ^ Kj. (1.13) 

n=\ m=l 

Note that fll.9l) - fll.l0p in this case become 

mes(cr(j7")) ^ 4 max \a l nm \ + 4 max \b° m \ + 2 max |& nr J, (1-14) 

n,m n,m n.m 

where the dependence of b 1 appears again. This means that if b l has some large components 
then (11.141) is worse than (11.131) . We construct examples for which estimate H 1 . 1 3 [) is sharp. 
We skip simple examples and find such examples for which the sum of p± or p2 elements in 
(I1.13P plays important role. 
Example 1. Let A n = 0, n 6 Z and let 

B n = S + S^ + 4nI, ne [l, Pl ], 
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where S (see after (11.31) ) is a shift operator and I is identical operator, i.e. B n is a shifted 
discrete ID Shrodinger operator. By (11.11) the spectrum of J is 

pi pi 
<J) = (J = U [~ 2 + 4n ' 2 + H = 2 + 4 Pl ], 

n=l n=l 

1. e. mes(cr( t 7)) = 4pi. Estimate (11.131) gives us the same result mes(a(J)) ^ Ap\. 

2. Now we suppose that all A n = I are identical operators and all B n = diag(4m mod 4p 2 )mez- 
In this case J(x, y) (12. 2p depends on y only and has a form 

( B I ... e iy I \ 



J(x,y) = J{y) 



I 





B I 
I B 



\ e~ iy i 






B J 



B = diag(4m-4)f , l = diag(l)f. (1.15) 



Such J{y) corresponds to the matrix-valued ID Jacobi operator J\ with mes(<r( l 7i)) = 4pi 
(this is a direct sum of shifted Schrodinger operators, for more details see Example in [Kulj ). 
Then mes(<r( l 7)) = 4p 2 and (11.131) gives us the same result mes(cr( l 7)) ^ 4p 2 . 

2. Direct integral 

For any n G Z we introduce matrices A n = A n (x) and B n = B n (x), x G [0, 2ir] by the 
following identities 

~~ / £i C o 

b° nl 
, B n = 





/ 


a nl 



a nl 











a n2 


u nl 


A n = 









a n3 




V 











np2 



/ 



h 1 h° 

u n2 u nl 
u n2 u n3 



\e- lx b° np2 







e ix b° \ 

c u np2 \ 









b 1 

np2 



J 



Also introduce the matrix J = J(x,y), (x,y) G [0,27r] 2 by the following identity 

/ B l A\ 

ii 5 2 A* 
i 2 A3 



(2.1) 



J = 








(2.2) 



\ e~ iy A* pi 

Now we give representation of J (11.11) as a direct integral of finite matrices J (I2.2p . Methods 
of the Proof of the next Theorem are similar to methods from [RSI . XIII. 16, p. 279. 



Theorem 2.1. Operator J is unitarily equivalent to the operator J! = f^ 27T p J(x,y)dxdy 
acting in f^^Hdx, where H = C P1P2 and matrix J(x,y) is given by h2.2i) . 

Proof. Let unitary operator & P2 : £ 2 (Z) — > I? = Y^k=\ -^ 2 (0' 27r) be given by 



^ P2 {(fm)mez) = (fi{x),..,f P2 (x)), where f k (x) = ^ f k + P2m e inx , k G [l,p 2 ]. (2.3) 
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Let unitary operator F : £ 2 (Z x Z) — > L 2 = Ylkez^m be given by 

F(ifn)nez) = (^/Jnez, fn G f (Z), nGZ. 

Introduce operator 

Substituting (I2.3p - (l2.5p into (ll.ip - (ll.3p and using ( II. 4p we deduce that J\ has a form 



( l 7i/)n = in/n + l + 4/n + A;_ 1 /„_ 1) /=(/„) G !£, /„GLj 2 , nGZ 



where 



-A, 



t ^P2 J ^n'^p 2 ' 



is given by (12.11) . Let unitary operator Fi : L 2 — > L 2 = n^=i -^ 2 ([0> 27r] 2 ) be given by 



+oo 



Fi((/n)nez) = (01, -,&>i) 5 where = ^ fk+ Vin e my , k G [l,Pi], 



(2.4) 
(2.5) 

(2.6) 
(2.7) 

(2.8) 



here f n = f n (x) G L 2 2 for any n G Z. Introduce operator 



J2 = Fx JiF^ 1 : L 2 ->• L 2 . (2.9) 

Substituting fl2T8l- (rX9"]) into ([22]) we deduce that J" 2 has a form J 2 ({g n )T m ) = Mx, y){g n ) PlP2 , 
where # n G L 2 ([0,2tt] 2 ) and matrix is given by (J22D, i.e. «7 2 = £ /. By <^Mj we 

deduce that J7" unitarily equivalent to the operator J? . * 



For any n let us denote 



(a 



Al EE 



nl "nl 
a nl a n2 







<2 <3 



\ o o 
/ft 1 ft°~ 

/ u nl u nl 



B°n = 








h° b 1 b° 

u nl u n2 u nl 

b° n2 6^3 



\ 

/4° 



3. Proof of Theorem 11.11 
/ 



\ 



ll / 

o \ 






AL EE 









e lx a° np2 



b 1 

np 2 



J 

\ 









p-lXIS) 

c u np 2 

( B\ 





i? 




B 2 
Al 


{Air . 

Bl • 


. 
. 


, Ji = 





A\ 


(Aiy .. 

Bl .. 








V o 








. B° J 

pi ' 












4 / 















(Mr 



c Ul np2 









(3.1) 



ixuO \ 








(3.2) 



/ 



Then 



(3.3) 
(3.4) 



An + An, B n = B n + B n , J=J + J 1 . 

Note that Jo does not depend on x, y. For any self-adjoin matrix A let us denote A + = P + A^ 
0, A_ ee —P^A ^ 0, where P± are projectors to positive and negative eigenspaces of A. Then 
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A = A + - and \A\ = (AA)3 = A + + A_. We will write A^BifA-B^O, i.e. A - 5 is 
positive definite self-adjoint matrix. Now we will estimate Ji. Firstly define the matrix C by 



C = diag(Ci, ...,C P1 ), 
where matrices C n is given by: for n G [2,pi — f] 

C„ = |^| + li^l + \A l n \ = diag(c n ,0,..,0, Cri ), c n = \b° \ + \a° \ + \a° n 



-l,P2l' 



for n = 1 , pi 
where 



Ci = | A 1 1 + 1^1 + A c M = IB? | + |i?| + A 



D = diag(K im |)^ 2 =1 + diag(|a° J)^ 2 =1 + diag(|a° |, \d 



o 



>!P 2 I' l^pill' ••' l a pi,P2-l 

Note that C is a positive definite diagonal matrix does not depend on x and y. 
Lemma 3.1. The following inequalities are fulfilled 

-C < Jx < C. 

Proof. Note that 

pi 

Ji = diag(^)? 1 + ^ £„ + F x + F 2 + F 3 , 



o 



n=l 



where 





( 





(A?r 


. 


. 






( 








.. \ 






A\ 





. 


. 












(Air 


.. 












. 


. 









Al 





.. 




V 








. 


. 


) 




V o 








.. j 



and 



/ 















^ e~ iy G\ 












/ 



F, 









. 


. e iy G 2 \ 


( 








. 













. 





i G 2 = 


e~ iy G* 2 





. 


: o ) 


\ 



( o 

o 


V o 







a, 









Pl2 





e ix a° \ 








a 



o 






\ e- ix a°„ 



PlP2 








/ 

o \ 




o ) 



F, = 















\ e~ iy G* 3 



e iy G 3 \ 









G 3 = diag(a*)? 



P2 



J 



(3.5) 

(3.6) 

(3.7) 
(3.8) 

(3.9) 
(3.10) 



(3.11) 



(3.12) 



(3.13) 



(3.14) 
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Using f[3ToT) - f]3Tg]) and fl3~Tl> f l3~Tip we deduce that 

pi 

diag(|^|)f + \ E n\ + \Fi\ + \F 2 \ + \F 3 \ = C, (3.15) 

n=l 

which with flBTTO]) gives us <^M>. * 
Let us denote eigenvalues of matrices Jo — C and Jo + C fl3.3p . fl3.5p as 

Ar < - < A" p2 and A+ < ... < A+ P2 . (3.16) 

Proof of Theorem CCQ i) follows from jp 3 , and (J33]), since J -C^J^J + C and 
Jo± C does not depend on (x,y). 
ii) Without loss of generality, we may assume that 

Pi PI — 1 P2 P2 

(J?)ez2 ^ = rpiP2 = 4 5Z + 8 Yl l a °p 2 l + 8 S KiJ + 4 S KiJ ( 3 - 17 ) 

n=l n=l m=l m=l 

otherwise we enumerate the periodic sequences aP , b>, j = 0, 1. Since A,^ does not depend on 
(x, y) then from (11.61) we obtain 

P1P2 

mes(a(J)) ^ £(A+ - A;) (3.18) 

n=l 

Now inequality (11. 7p follows from the identity 

PlP2 

^(A+-A;) = 2TrC = r PlP2 , (3.19) 
n=i 

where we use definition before (I3.16P and fl3.5l) - fl3.8p with (I3.17p . ■ 
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